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1 Introduction

1.1 Definitions

Definition 1.1.1. Let G be a group. A representation of G in a vector space V is a homomorphism
p: G — GL(V), where V is taken to be a finite-dimensional complex vector space (C™).

GL(V) is the group of invertible linear maps V' — V, also viewed as n x n matrices.

Example 1.1.2. For p the trivial homomorphism, p is termed the trivial or unit representation.

- Consider G = Dy, the group of symetries of a square. There is a representation of G in C? corresponding
to this description.

- Consider G = S,, and V = C". The permutation representation of S,, is the homomorphism that takes a
permutation ¢ € S, to its corresponding permutation matrix.

Definition 1.1.3. An injective representation is termed faithful.

Example 1.1.4. Let G be a finite group acting on a finite set X. There is a permutation representation
corresponding to this action on the vector space V = @me x Ct.

Note that every group G acts on itself by the left multiplication action. If G is finite, the corresponding
permutation representation is termed the left-regular representation.

1.2 Subrepresentations and morphisms

Definition 1.2.1. Let p : G — GL(V) be a representation of G. A subspace W C V is termed G-stable,
G-invariant, or a subrepresentation of V iff one of the following equivalent conditions hold:

1. p(g)(W) e Wforallge G and W e W
2. p(g)(W)Cc W forallge G

3. p(9)ly € GL(W) for all g € G

4. p(@ly < GLW)

Example 1.2.2. Let G =Zy, V =C?, and p: G — GL3(C) be given by p(0) = (§9) and p(1) = (9 ). Let
W = span{(1,1)}. Then W is G-invariant. Further, the spaces 0 and V are always G-invariant. We also
have that W’ = span{(1,—1)} is G-invariant.

Note that to find the G-invariants of W, it suffices to check that p(g;)(w;) € W for generators g; of G
and basis vectors w; of W.

Definition 1.2.3. Let p: G — GL(V) and 7 : G — GL(W) be representations of G. A morphism from p to
7 (or from V to W) is a linear transformation T : V' — W such that 7(g)(T(¢)) = T'(p(g)(?)) for all g € G
and 7€ V.

Example 1.2.4. Let G = Z4. Let p: G — GL(C) and 7 : G — GL(C?) be representations of G, defined by
p(n) =" and 7(n) = (% %)n Define a map T : C — C2 by T(z) = (z,2). Then T is a morphism from p
to 7.

Theorem 1.2.5. Let p : G — GL(V) and 7 : G — GL(W) be representations of a group G, and let
T :V — W be a morphism from p to 7. Let Vi C V and W7 C W be subrepresentations of V and W,
respectively. Then T'(V;) C W is a subrepresentation of W and T—1(W;) C V is a subrepresentation of V.

Definition 1.2.6. Let p : G — GL(V) be a representation. Then p is irreducible iff the only subrepresen-
tations of p are p and the O-representation.

Example 1.2.7. Every 1-dimensional representation is irreducible, as its only subspaces are 0 or improper.



Definition 1.2.8. The direct sum of vector spaces V and W is defined to be the vector space below. Addition
and scalar multiplication work as indicated.
VeW={tew : veV,dde W}
(V) © W) + (U2 @ Wa) = (T + Va) @ (W) + W)
AT @ W) = A\ B T
The vector space V & W is the smallest vector space that contains both V' and W.

Definition 1.2.9. Let p: G — GL(V) and 7 : G — GL(W) be representations of G. Define p® 71 : G —
GL(W) by

[(p® 7)(9)|(T® W) = [p(g9))(¥) & [7(g)] ()
Example 1.2.10. Let G = Zs, and representations p : G — C and 7 : G — C be defined by the trivial
representation and 7(0) = 1, 7(1) = —1, respectively. The direct sum o : p @ 7 is given by

o : G — GLy(C) = GL(C & C)

=5 1) ew=(; Y

Definition 1.3.1. A complex inner product space is a complex vector space V with a pairing (, ) : VxV — C
satisfying:

1.3 Inner products

1. (v1 + vo,w) = (v1,w) + (ve, w)
2. {(cU,w) = c (U, W)

3. (V,wW) = (0, ¥
4. (¥,7) € Rand (7,7) 20, (7,0) =0iff =0

<>

Example 1.3.2. This is an example of an inner product:

<(-T17"'7xn)7(y1a"'ayn)> :x1m++xn%

Definition 1.3.3. A linear transformation T : V' — V is termed unitary iff for all &, v € V, (TV, Tw) =
(U, ).
Definition 1.3.4. Let W be a subspace of a complex inner product space. The orthogonal complement if
Win V is

Wt={ZecV : (@,i)=0VaTecW}
Note that W N W+ = {0}, and dim(W) + dim(W+) = dim(V).

Definition 1.3.5. A morphism T : p — 7 is an isomorphism iff there is another morphism 7" : 7 — p such
that ToT’ =id and T" o T = id.

Theorem 1.3.6. Let V be a complex inner product space and G a group. Let p : G — GL(V) be a
representation such that p(g) is unitary for all g € G. Then there are irreducible representations p1, ..., p,
of G such that p = p1 & - & p,.

Proof: By a simple induction, it suffices to prove that if V' is irreducible, then there are 2 proper subrepresen-
tations W, W’ such that V= W @ W’'. Thus assume that V is reducible. Then there is a proper non-trivial
subrepresentation W of V. Let W/ = W+, It remains to show that W’ = W= is G-invariant. Thus, choose
any 1 € W+ and any g € G (from now on, p will be omitted). We will show that g(w) € W+. To do this,
we must take any ¢ € W and show that (¥, g(@)) = 0.

—

Since p is unitary, g~! is unitary, so (7, g(@)) = (¢~(¥), @) = 0. This means that g(@) € W+, so W is
G-invariant, so W, W= are both representations, and V = W @ W+~ as desired. ]

Next we are going to find an inner product such that p will always be unitary.



Theorem 1.3.7. Let G be a finite group with p : G — GL(V) a finite-dimensional representation of G.
Then there is some complex inner product { -, - ) such that p(g) is unitary for all g € G.

Proof: Let ( -, - ); be any inner product on V. Define a new pairing on V' by

(@, 9), = Y {p(@)](@), [p(9)]()), -

geG

The pairing easily satisfies (U1 + Ua, 0), = (U1, )y + (U2, 0), and (ct, ¥), = ¢ (U, V), and (4, V), = (U, U),. If
@ = U, then (i, ¥), € R0, because each summand is, and the sum is 0 iff g(7) = 0, which happens iff 7 =
as desired. Now, p(g) is unitary with respect to (-, - ), for all g € G, as

Note that the previous two theorems immediately imply that every finite-dimensional representation of
a finite group G is isomorphic to a direct sum of irreducible representations.

Theorem 1.3.8. Let p : G — GL(V) and 7 : G — GL(W) be irreducible representations of G. Let
T:V — W be a morphism. Then T is either an isomorphism, or 0.

Proof: The kernel of T is a subrepresentation of V, which, by irreducibility of p, must be 0 or V. If
ker(T) = V, then T = 0. If ker(T) = 0, then T is injective, so since Im(7") = 0 or W, we must have that
either T'= 0 or T is surjective. So either "= 0 or T is an isomorphism. |

Theorem 1.3.9. [SCHUR’S LEMMA|
Let T : V — V be a morphism of irreducible representations. Then 7" = Aid for some scalar A € C.

Proof: Let A be an eigenvalue of T. Then T' = Al is a morphism (this is easy to check). Since T'— Al is not
an isomorphism, by the previous theorem, it must be 0. So T'= AI. |

Theorem 1.3.10. Let G be a finite abelian group and p : G — GL(V) an irreducible representation. Then
dim(V) = 1.

Proof: Tt turns out (you should check this) that if G is abelian, then for every g €G,p(g) : V — V is
a morphism, so by Schur’s lemma, p(g) = Ay for some A\; € C. But this means that every subspace is
G-invariant, so since p is irreducible, V' can’t have any non-trivial spaces, and so dim(V') = 1. |

2 Character theory

2.1 Tensor products

Definition 2.1.1. Let V; W be complex vector spaces. Let H be the vector space whose basis is {7 @ @ :
v € V,w € W}. Note that H is very large. Define a subspace R of H to be the span of all vectors in H of



the following forms:
U1 QW+ Uo @ W — (U1 + U2) @ W
U@ W + U@ Wy — U@ (W + W)
() @ W — A\(T @ W)
T® (M) — A7 ® W)
Define Vo W = H/R

Example 2.1.2. For V=W = {0}, V@ W = {0}, as H = span{0® 0} and A(0®0) = (AM0)®0 =0® 0 for
all .

Example 2.1.3. For V = {0} and W any vector space, V @ W = {0}, because for any w € W,
0w+ 0uw=0+0)uw=0w = 0w =0.

Example 2.1.4. Let V = span{¢}, W = span{w} for ¥, & non-zero. Then V ® W is spanned by by elements
of the form (A7) @ (uw). But (A7) @ (uw) = (A\u)(7® W), so V@ W is spanned by {7 ® w}. To see that
¥ ® W is non-zero, we use a very useful trick, described below.

Remark 2.1.5. Let ¢: H — V ® W be the “reduction mod R” linear transformation. Then ¢ is surjective
and H is non-zero, so it suffices to show that ¢ is not identically zero. Define T': H — C by

T (Z a;(M\0) ® (sz)> = Z il

%

which is iclearly a linear transformation. The image of T is C, because T'(¥ ® @) = 1. So T is surjective.
Moreover, R C ker(T'), so by the universal property of quotients, T: V ® W — C is well-defined.

Theorem 2.1.6. [UNIVERSAL PROPERTY OF QUOTIENTS]

Let U be a vector space, K C U any subspace, ¢ : U — U/K the “reduce mod K” linear transformation.
Let T : U — V be a linear transformation. Then there is a linear transformation 7" : U/K — V satistying
T=To q iff K C ker(T). That is, making the diagram below commute:

T

U \%4
U/K
Also, Im(T") = Im(T") and ker(T) = g(ker(T)).
Theorem 2.1.7. Let V,; W be finite-dimensional vector spaces. Let {¥1,...,0,} and {Wy,..., Wy} be bases

for V and W, respectively. Then {0;®;} is a basis for V@W. In particular, dim(Ve@W) = dim(V') dim(W).
Proof: Let >, o1, ® yi, be an arbitrary element of V' ® W. Then

Zxk QY = Z (Z azk{)}> (02 ijkﬂ_)'j = Z aikbjk(ﬁi ® 117]) S Span{ffi &® 117]}
k k i J .5,k
To get linear independence, define a linear transformation

T:H—C'™ by T ch (Z aikf)}) ® ijku_/’j = Z Ckaikbjkaj
k 7 7

.4,k



where {€;;} are the standard unit basis vectors in C*™, C™ being viewed as n x m matrices and €&;; the
matrix with all zeros except for a 1 in the (4, j)-entry. Since T'(U; ® ;) = €;, T is injective. It is easy to
check that R C ker(T). For example,

T(0h @ W+ Uy @W — (V) + U2) W) =T (Z%‘@) ® iju_fj + Zaﬁi ® bjw; — Z(ai —a;)T; ® ZU_J}
A 7 % A 7
=D abiéiy + Y _aibiéiy; — Y (ai — a})b;é
i i

i

=0
By the UPQ, T : H/R — C™ is wel-defined, so T : V@ W — C™" is well-defined and onto. Therefore,
since {€;;} is linearly independent in C™™, their preimages {¥; @ w; } are also linearly independent in V@ W.

Example 2.1.8. Suppose that T : U — V and S : W — X are linear transformations. We can define
T®S:UeW - VeX by (TeS) (6w =3 T(#) @ S;). Let My = (24) and My = (; {) in
M>(C). Then the matrix of M; ® M, with respect to {€; ® €;} of C* ® C? is

ae af be bf
ag ah bg bh
ce cf de df

cg ch dg dh

Definition 2.1.9. Let p : G — GL(V) and 7 : G — GL(W) bu representations. Then p® 7 : G —
GL(V @ W) is given by

[(p®7)(9)] <Z v @ U_;i> = > _p(9)(@) ® [r(9)) ().

Example 2.1.10. Let G = S5 and p : G — GL(C) be the trivial representation and 7 : G — CL(C)
the sign representation (gives +1 to even permutations, and —1 to odd permutations). Then p® 7 : G —
GL(C®C) = GL(C) is given by (p®7)(9) = p(9)7(9) = 7(9)-

Example 2.1.11. If p : G — GL(C) is one-dimensional and 7 : G — GL(V) is any representation, then
p®T =1, where 71(g) = p(g)7(g)-

Proposition 2.1.12. If p, 7 are irreducible representations, then p ® 7 is not irreducible.
Remark 2.1.13. What if p: G — GL(V) is irreducible, is p ® p irreducible? No, if dim(V) < 2.
Theorem 2.1.14. Let p: G — GL(V) be a representation with dim(V') > 2. Then p ® p is irreducible.

Proof: Define 0 : H — V @V (for H the free vector space on V x V) by

q 9

Then R C ker(f) (this is easy to check), so 6 is well-defined. Let Sym?(V) be the 1-eigenspace of 6, and
Alt?(V) be the (—1)-eigenspace of §. We claim that Sym?(V) and Alt?(V) are G-invariant subspaces of



V®V. To see this, note that Sym?(V') and Alt?(V) have zero intersection, and V@V = Sym?(V)UAIt*(V),
so V@V = Sym?(V) @ Alt?(V) as vector spaces. So suppose that 3. a;(7; ® @;) € Sym?(V). Then

0 < p @ p)( (Z a;(¥; @ )) =0 <Z ai(lp(9))(7;) ® [p(g)](wi))>

So [( @ p)(9)](32; ai(¥; ® w;)) € Sym*(V). Thus Sym?(V) is G-invariant and we're done. The case for
Alt*(V) is similar. |

Remark 2.1.15. Note that if dim(V) = n, then dim(V ® V) = n?, and Sym*(V) =n+ (}) = ”(";1).

2.2 Characters

Definition 2.2.1. Let p: G — GL(V) be a representation. The character of p is the function x, : G = C
given by x,(g) = trace(p(g)). If p is irreducible, then x, is termed an irreducible character.

Remark 2.2.2. The following are some elementary properties of characters:
- If dim(p) = 1, then x, =p
-If p =2 7, then x, = X, as trace is invariant under linear transformations
- Xp(1) = dim(V) for any p
- Xp(97 " hg) = x,(h)

If we add the stipulation that g is finite and dim (V') is finite, then we also have:
“ Xpadr = Xp + Xr
* XpeT = Xp * X1
Xp(971) = Xo(9)

Theorem 2.2.3. Let p,7 be representations of G in V, W, respectively. Let T : V' — W be any linear
transformation. Then 7" = 3 7(97 1) o T o p(g) is a morphism p — 7. In particular, if p and 7 are
irreducible, and p = 7, then T" = 0.

Definition 2.2.4. Define C[G] = {f : G — C} to be the complex group ring (or algebra). Note that C[G]
has a natural inner product

(p,0) = #GZ

geG

This corresponds to the usual inner product in C"*, divided by #G, via f < (f(g1),.-., f(gn))-

Theorem 2.2.5. Irreducible characters are an orthonormal set in C[G].



Proof: We show that if p, 7 are irreducible representations, then (x,, x-) = { (1) ig Z;:

Let p: G — GL(V) with a fixed basis of V, and 7 : G — GL(W) wih a fixed basis of W. For each g € G,
write p(g) = 7i;(g) and 7(g) = t;;(g) as matrices. Then

# > riilg)tiilg™)

9,8,

(o) = 5 O 7l 19) =

9,8,

Let T': V. — W be any linear transformation. Then 7" =3/ (g7 1) o T o p(g) is a morphism p — 7. If
p# T, then T' =0, so if T = [T};], we have

Z tei(g~ ) Tyjrje ¥ koL
90,3
So we set Tj; = 0 for all ¢, 5 except k, £, for which Ty, = 1. Then Zg trrree(g™t) = 0, so summing over k, ¢
gives (x,, xr) = 0.
If p = 7, then x, = x-, so we assume p = 7. If p = 7, then T = AI by our theorem, and X\ = #G - trace(T') -
dim(V))~!. Exactly the same argument as before gives (x,, x-) = 1. |
g g p

This means that there are infinitely many irreducible representations of G up to isomorphism, because
the corresponding characters are an orthogonal set in a finite-dimensional vector space.

Remark 2.2.6. Note that if p = (m1p1) ® -+ ® (myp,) for m; € Z and p; pairwise non-isomorphic
representations, then
m; = <XP’ X,Oi>

Note even further that irreducible decompositions of representations are unique up to isomorphism. More-
over, non-isomorphic representations have different characters, because the character determines an irre-
ducible decomposition. Finally, with p as above, we have that

(Xps Xp) =m3 + - +m2 and (XpsXp) =1 < pis irreducible.

Example 2.2.7. Recall that we had a representation of Ss in C2 on the assignment.

p(g9) | p(g) € C? | character of p(g)
p(1) | (§9) 2
p(12) | (90) 0
p(13) | (211) 0
p(23) | (571) 0
p(123) | (921) -1
p(132) | (Z10) 1

Hence (x,, xp) = £(22 + 02 4+ 0% + 02 + (=1)? + (—1)?) = 1, and so p is irreducible.

Example 2.2.8. Note that there are only 3 irreducible representations of S3 - the trivial, the sign, and the
one given in the previous example. All others that are irreducible are isomorphic to one of them.

Now, let p : S3 — GL(C?) be the permutation representation. How can we write p as a sum of irreducible
representations? We note the following facts:

Xp(1) =3  x,(2-cycles) =1 x,(3-cycles) =0

1
(o Xp) = G (3717 + 17 +17 4+ 0% 4+ 07) =2



Let A be the representation that was p in the previous example. Then
1
(XprXA) = 6(3~2+1-0+1-0+1-0+0~(—1)+0~(—1)) =1

Therefore p = A @ p’ for some representation p’ whose irreducible decomposition contains no A. We note
further that L

(o Xriv) = G(B- 1+ 1- 14 1-141-140-140-1) =1
And so p = A @ (triv).
Example 2.2.9. Let G be any finite group, and V = P, ;Cg. Let p : G — GL(V) be given by
[p(9)] O aigi) = a;gg;. This p is termed the left-reqular representation of G.

Then x,(9) = #G if g = 1, and x,(g) = 0 if g # 1. Therefore (x,,x,) = #G, so unless G is the trivial
group, it is never irreducible.

And if 7 is any irreducible representation of G, then (x,,x,) = dim(7) =1, so p = (dip1) ® --- ® (d,py)
where py, ..., p, are all irreducible representations of G' up to isomorpism, and d; = dim(¢). This means that
(Xps Xp) = d3 + -+ d2, and as (x,, X,) = #G, we have that #G = d} + - - + d2.

Remark 2.2.10. Irreducible characters in general do not span C[G]. Note that for all g,h € G,

x(9™"hg) = x(h)
So x remains constant on conjugacy classes.

Definition 2.2.11. A conjugacy class in a group G is a set of elements C such that for all ¢,d € C,
¢ tdc € C. A class function on a group G is a function f : G — C that is constant on conjugacy classes.
Class functions are a subspace of C[G].

Theorem 2.2.12. Let G be a finite group. The irreducible characters of G form the orthonormal basis of
the space V of class functions on G.

Hence if G has k conjugacy classes, then G has k irreducible characters.

Proof: We will show that if W = span{irreducible characters}, then W+ NV = {0}. This wil imply W =V,

as W C V. Note that W = W, and thus W+ =W, so f € W iff f € WL. So first suppose that f € W+.
Then f € W+, so <X, f > = 0 for any irreducible character y. Define

TPV =V by TN = f(9)le(9))(®)
geG

for any representation p of G. It is straightforward to check that T; is a morphism p — p. If p is irreducible,
then T]f = \id, for some )\ € C. However, as

0="061) =D xo(9)f(9) = flg)trace(p(g)) = trace(T¥)
geG geG

we have that A = 0. Hence T ; = 0 for any irreducible representation p. Then by linearity, T}) = 0 for any
representation p.

Let p be the left-regular representation with v = g;. Then
0=T¢@) = > F@lp@)@ = f(9)gg:
9€G geG

so since {gg;} = {g¢;} is linearly independent, it follows that f(g) = 0 for all ¢ € G. This means that
WL NV = {0} as desired, so W = V and the irreducible characters span the space of class functions. |



2.3 Character tables

Example 2.3.1. Let G = Dy, the dihedral group of order 4. Let’s write down a list of all the irreducible
characters of G. This will be called a character table for G. So let x represent counter-clockwise rotation by
90°, and y represent reflection along the axis of symmetry. The facts we know are:

Dy={zy : yr=a'y 2t =9y =1}
conjugacy classes: {1}, {z?}, {z, 2}, {zy, 2%y}, {y, 2%y}
So there are 5 irreducible characters. They may be classified as follows:
- The trivial character, x;, is always irreducible.

- Using the homomorphism ¢ : Dy — Zs, with p(z%y®) = b (mod 2), we get a “sign” representa-
tion on Dy, with p(g) = (1)),

- Using the homomorphism 1 : Dy — (Z2)?, with ¥(2%®) = (a (mod 2),b (mod 2)), we get two
more irreducible characters, corresponding to the representations

p1(x“yb) _ (_1)a (mod 2) and pg(a?“yb) — (_1)a+b (mod 2)
- The final character may then be calculated from the orthonormality condition.

This gives us the following table:

{1} {2} {z,2®} {ay, 2%y} {y,2%y}
xe | 1 1 1 1 1
Xogn | 1 1 1 1 1
Xpr | 1 1 -1 -1 1
Xpo | 1 1 -1 1 -1
Yo | 2 =2 0 0 0

Note that there are lots of ways to find the last character of D,. The easiest is to use the fact that, with the
other 4 characters, it is an orthonormal basis of the space of class functions. Or you could just guess it - it
is the realization of D4 as the symmetries of a square.

Note that our approach above was to find homomorphisms from D, to simpler groups, and then find
representations of those groups.

Remark 2.3.2. For L, the left-regular representation, we have that
@ XPi(l) “Xpi = XLo = (dim(G) 00 --- 0).
pi irreducible

Example 2.3.3. Compute the character table for As. First note that the only normal subgroups of A5 are
{0} and As. For {0}, homomorphisms to simpler groups are not simpler. For As, the only homomorphism
to a simpler group gives the trivial representation. First we note that conjugacy class representatives of As,
and the class sizes, are given by:

conjugacy classes in Ss

(12345) (13452)

1 cycle -2 =20 cycles -3 =15 cycles 24/2 = 12 cycles 24/2 =12 cycles

10



So we need 5 representations. We always have the trivial representation with character y;. Next consider
the permutation representation, whose trace Xperm is the number of fixed vectors. This representation, for
which Xperm = (5,2,1,0,0), is not irreducble, as

<Xperm7xperm>=60(52 1422.204+1%2-15+0%-12402-12) = (25+80+15):2

60
We hope that Xperm = Xt D X, because then we will know Xperm. So we check if the trivial representation

appears in it:

<xperm,xt>:61—0((5-1).1+(2-1)~20+(1-1)-15):%(5+40+15):1

So we define Xpt = Xperm — Xt, Which is irreducible. However, we need 3 more representations, so we try
Sym?(pt) and Alt?(pt). Before we do that, we need to formaulate their characters. So we include the final
table below, with the work done for finding the entries of the below further down.

(1) (123) (12)(34) (12345 (13452)
xe | 1 1 1 1 1
Xpt | 4 1 0 —1 —1
Xn | O -1 1 0 0
x1 | 3 0 -1 ") —1/¢
X2 | 3 0 -1 1/ @

The symbol ¢ is the golden ratio, (1 + v/5)/2.

Theorem 2.3.4. Let p: G — GL(V) be a representation of a finite group. Let p, and p, be the Sym?(p)
and Alt? (p) representations. Let x, xs, Xa be the characters of p, ps, pa, respectively. Then

Xs(9) = = (x(9)* + x(g?)) and  xa(9) = 5 (x(9)* — x(g%))

N =

Proof: Since G is finite (more generally, since p is unitary), p(g) is diagonalizable. Let {ej,...,e,} be an
eigenbasis of V with corresponding eigenvalues A1, ..., \,. Then x(g) = > \; and x x g%) = >_(\;)%. Now,

0ps(9))(€; @ &) = [p(9)](€:) @ [p(9)](&:) = A} (&; ® &)
[ps(9)](€ @ € + €; @ &) = Aij(6 ® € + € © &)
So xs(G) = > Ai)2+ Dicj NN = 2(x(9)? = x(g9%)). A similar calculation works for x,. |

What are the characters of Sym? (o) and Alt?(0)? First, check the irreducibility of x4 by

Xs(9) = %(x(g)2 +x(¢%)) = (10,1,2,0,0).

The irreducibility is then checked with the other characters.

(X5 Xs) = 60(102+12-20+22~15):3
1

(Xorxe) = 55 (10 141-1-2042-1-15) = 1
1

(Xos Xpt) = 55(10-44+1-1-20) =
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This implies that x, is the sum of three irreducible representations, with x; being one and s being another.
That is, xs = Xt D Xpt D Xn for some irreducible representation p, with x,, = (5,—1,1,0,0). This gives us
one more irreducible representation p,, but we still need two more. Next, check the irreducibility of x,. We

note that 1

Xa(g) = 5(){(9)2 - X(QQ)) = (6’ 0,-2,1, 1) with <X,aXa> =2.

So this representation is the sum of two irreducible representations. However, we have

<Xaa Xt> =0 <Xaa Xpt> =0 <Xa7Xn> =0

So xa = X1 D X2, for the two represntations that are not yet in the table. Note that both must be of
dimension 3. By trial and error, we find that

x1 = (3,a,b,¢,d) and x2=(3,—a,—2—-0b,1—¢,1—d).

We know that (x1,xt) = (X1, Xpt) = {X1Xn) = 0, which gives 3 linear equations in 4 variables. We also have
that {x1,x1) = 1, which is a quadratic equation in a, b, ¢, d. Ultimately, we find that

X1 = (3707_1a907_1/@) and X2 = (3,07—1,_1/<P,<P),

where ¢ is the golden ratio. This completes the table.

2.4 The symmetric group 5,

A good question to ask is what are the irroducible representations of S,,. We can start by saying that the
conjugacy classes of S,, will be the sets of permutations with the same cycle structure.

Definition 2.4.1. Conjugacy classes of S, are in a 1-1 correspondence with Young tableauz. The young
tableau associated to a conjugacy class (ry,ra,...,7%), with >, =nandr 2 re > -+ 21y is

------ «——— r1 boxes
«—— r9 boxes

DD «——  r;, boxes

Example 2.4.2. Consider the following permutations and their associated Young tableaux.

[ 1]

(123)(45)(67)€S; « (1234)eS; < ||

(12)(345)€8; +

Definition 2.4.3. A numbering of a Young tableau is an injective function from {1,...,n} to the boxes in
the tableau.

Note that S, acts on the set of numberings of a fixed tableau.

12



Definition 2.4.4. A tabloid is an equivalence class of numberings of some fixed tableau, where two num-
berings are equivalent iff for each row both numberings contain the same set of numbers, albeit possibly in
a different order.

So S, also acts on the set of tabloids of a given fixed shape.

Definition 2.4.5. Let S be a fixed shape of a Young tableau. Let M*° = @, CT', where T ranges over all
tabloids of shape S. This is a permutation representation of S, in M*, coming from the S,, action on the
tabloids.

Let T be a numbering of a tableau, and let C'(T") be a subgroup of S,, of elements o € S,, that preserve
the columns of T. That is, m and o(m) are in the same column for all m. Define R(T) to be an anologous
object, except for rows.

Let [T] be the tabloid associated to T'. Define or = 3 (7, sgn(o)[o(T)], where sgn(o) = ot jfolsodd

if o is even

Remark 2.4.6. It may be checked that ¥z does not depend on T, only on [T]. Let S® = span(vr). We will
show that S is an S,-invariant subspace of M®. For any 7 € S,,, we have

(i) =7 (Z sgn(o)[a(T)])
= Z sgn(o)[ro(T)]
= Z sgn(o) [t ro7] (as C(7(T))

ceC(7(T))

= Y seu(o)[or(T)]

oceC((T))

TC(T)Til)

= Ur(z)

So S, permutes the v, meaning that S° is S,, invariant. Note that S° is called the Specht module associated
to the shape S.

Our plan now is to show that S*® is irreducible, and that S® % S* if s # ¢t. This will imply that {S*} is a
complete list of irreducible representations of S,, up to isomorphism.

Definition 2.4.7. Let s,t be Young tableaux of the same size (same number of boxes in each row). Write
s=(s1,-..,8k) and t = (t1,...,t) (set s; or ¢; to 0 if necessary, to give t and s the same number of rows).
We say that s is dominates t iff for all m, s1 + -+ 8, = t1 + -+ + .

Further, s strictly dominates t iff s dominates ¢ and s # t.

Example 2.4.8. To show how dominating works, note that

[T] [T]
u . dominates but - does. not E ‘ and E ‘ does. not 7 .
u ] dominate [ dominate ||

Theorem 2.4.9. Let T,7’ be numberings of shpaes s, s’ of the same size with s not strictly dominating s’.
Then either

1. there are 2 different numbers in the same row of T' and the same column of 77, or

2. s = ¢’ and there is some p’ € R(T"), ¢ € C(T') such that p/'(T") = ¢(T).

Proof: Assume that 1. is not true. We will prove that 2. holds. We want to find p’ € R(T") and q € C(T)
such that p1(T") = ¢(T'). Choose q; € C(T) so that all the numbers in the first row of 7" are in the first row
of ¢1(T), which is possible, because all the numbers are in different columns of T' by the negation af 1..

Choose ¢2 € C(T) to be the first row of numbers from 7", and permute the second row of numbers from T”
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to the second row (or higher) of ¢g2¢1(T). Keep going until you get a ¢ = qi - - - q1 € C(T) such that for every
i, all the numbers in the ith row of 7" are in the ith row of ¢(T'), or higher.

This means that s dominates s’. By assumption, s = s’, and each row of 7”7 has the same set of numbers at
the corresponding row of ¢(T). So there is some p’ € R(T") such that p'(T") = ¢(T). [ ]

Example 2.4.10. Consider the following situation:

T:23 and T’:IQ‘
1 3

There is no way to make 7' = T by permuting each row of 7" and each column of 7.

Definition 2.4.11. Define the value

br = Z sgn(o)o € @(Cg.

oceC(T)

Then v = br(T). Moreover, for any o € C(T),
bro = sgn(o)br and brbr = Z Z sgn(o)sgn(r)or = #C(T)

Theorem 2.4.12. Let T,T" and s, s’ be as above. If 1. holds, then by (T") = 0. Otherwise, br(T") = +0r.

Proof: If 1. holds, let 7 be the transposition switching the two numbers. Then 7 € R(T”) and 7 € C(T), so
byt = —br, and br(T") = 0 because

br(T") = br(r(T")) = (br7)(T") = —br(T")

If 2. holds, then choose p € R(T”) and ¢ € C(T'), such that p'(T") = ¢(T'). Then

br(T") = br(p'(T")) = br(¢(T)) = sgn(q)br(T) = +vr

Proposition 2.4.13. The space S*® is irreducible, and S% % S if s # ¢.

Proof: Assume that S° =V @ W for some subspaces V, W that are S,-invariant. Let T" be any numbering
of s. Then

br(S?) = by (spany {7 }) = span{vr},
which is 1-dimensional. So (br(v)) ® (br(w)) is 1-dimensional, meaning that (WLOG) br(v) = span{vr}.
But V is Sp-invariant, so br(V) C V, giving o7 € V. But S* = span, {c(0r)}, and thus V = 5% as S° is
the smallest S,,-invariant subspace containing vy .
Next, if s # ¢, then (WLOG) s does not strictly dominate ¢. Then if T is any numbering of s, we get

that br(S?*) = 0, but br(S?) # 0. This means that S* % S* if s # ¢, as desired. So we have found all the
irreducible representations of S,,. |

Example 2.4.14. Compute a character table for S;. Recalling that the trace of a permutation matrix is
the number of fixed points, we may calculate the characters of the 5 permutation representations of Sy.
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1 6 8 6 3
1) (12) (123) (1234 (12)(34)

1 1 1 1 1

M(<Bjj

M (H
('
M(E) 24 0 0 0 0

To find the related irreducible representations, we first note that S( (T 1] )= M([ITL1]), as it the trivial
representation. Next, note that

12 2 0 0 0

)
)
)6 2 0 0 2
)

<M(Bjj>,S(E[ED)>zi(4+2-6+1-8):1 50 M(Bjj)zS(EE[D)GBR

where xgr = (3,1,0,—1, —1), which is irreducible. So since S ( EFD ) is isomorphic to a subrepresentation

ofM(EFD), it follows that S(EFD) = R. Next, observe that
M(H)=s(ommes(HP)er s RrR=s(H]),

with xg = (6,2,0,0,2) — (1,1,1,1,1) — (3,1,0,-1,—-1) = (2,0,—1,0,2). We do not proceed further, but all
the associated irreducible representations may be found in this manner.

2.5 Commutators and dimension bounds

Remark 2.5.1. A finite group G is abelian iff all of its irreducible representations are 1-dimensional.

Remark 2.5.2. Let G be a group with H <« G and G/H abelian. This means that there is a surjective
homomorphism ¢ : G — A such that A is abelian and ker(q) = H. Then

g(zy) = q(x)q(y) = qyr) Vo,y € G so gqlayz~'y™") =1
This means that xyz~'y~! € H for all 2,y € G. The element xyz 'y~ ! is called the commutator of  and
y, and is sometimes written [z, y].

Definition 2.5.3. Let G be a group. Define the commutator subgroup N of G to be the subgroup generated
by all commutators of G. It is a normal subgroup of G, and is denoted by [G, G].

From the above statements we may conclude that, for H < G, the group G/H is abelian iff H contains
tho commutator subgroup of G.

Remark 2.5.4. Let N be the commutator subgroup of a finite group G, and A = G/N. Then every 1-
dimensional representation p : A — GL(C) gives rise to a 1-dimensional representation poq: G — GL(C),
for ¢ : G — A the quotient homomorphism.

Conversely, if 7 : G — GL(C) is a 1-dimensional representation, then since GL(C) is abelian, N C ker(7). By
the universal property of quotients, 7 induces a homomorphism 7 : G/N — GL(C), which is a representation.
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The above remark proves the following:

Theorem 2.5.5. The 1-dimensional representations of a finite group G are in a 1-1 correspondence with
the 1-dimensional representations of G/N, where N is the commutator subgroup of G.

Here, G/N is called the abelianization of G.

Theorem 2.5.6. Let G be a finite group and A < G abelian. Then any 1-dimensional representation of G
has dimension less than or equal to #G/#A.

Proof: Let p : G — GL(V) be an irreducible representation of G. Let 7 = p| ,. Let W C V be an A-invariant
subspace of V. Then dim(W) = 1. Let W = span{w}, and let W’ = span{[p(g)](@) }, where the span is over
all g € G. Then W’ is G-invariant. But if g1, go are in the same coset of zA of A in G, then g; = gsa for
some a € A, so g1 (W) = (gea) (W) = ga(AW) for some A € C. So the dimension of W’ can be no greater than
the number of left cosets of A in G, which is #G/#A. Since V is irreducible (and if we choose W’ # 0),
then W' =V, and we are done. [ |

Remark 2.5.7. Since the dihedral group D,, has an abelian (cyclic) subgroup of order n, it follows that
every irreducible representation of D,, has dimension 1 or 2.

2.6 Induced representations

Let G1,G5 be finite groups. What are the irreducible representations of G; x G2?7 Let us first consider
pi : G; = GL(V;) as representations for ¢ = 1,2. Define p : G1 X Gy — GL(V} ® V3), for any ¢g; € G; and
veVy, eV, by

oo, 92)) (27 ©13) = > lon(g0] (@) @ [p2(92)] ()

This p is usually expressed as p = p; ® p2. It is easy to see that p is a representation. It is also true
that if p1, pa are irreducible, then p is also irreducible. To see this, note that the character of p satisfies

Xp(91592) = Xp1 (91) X (92), SO

1 -
(Xp) Xp) = HG, - #Gy (Z Xp(glvgz)Xp(QhW))

91,92

L (Z Xor (91)Xp2 (92) X1 (91) X (92)>

B #Gl . #G2 91,92
1 —\ 1
— G, <g§2 Xp1 (gl)Xm (91)) m (gzz ng(gz)Xp2(92)>

= (Xp1s Xp1) (Xp2s Xp2)
=1

We know that if G; has a; conjugacy classes, then G; X G5 has ajas conjugacy classes. So G; X G2 has
ayag irreducible representations (up to isomorphism), and we have constructed ajas of them. To see that
p1 ® p2 F ph @ ph if (p1, p2) # (p}, ph), note that by a calculation similar to above,

<Xp7 Xp/> = <Xp1 ) Xp1> <Xﬂ2 ) sz>

So if p; % p} for some d, then (x,, Xx,,) = 0, giving (x,, x,7) = 0.

Definition 2.6.1. Let G be a finite group with H < G and p : H — GL(V) a representation. Choose
gis---,9n € Gsothat g1 H, ..., g, H is a complete and distinct set of left cosets of H in GG. Define the vector
space

W=gWVi& g, Vy where gGVi=V
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Define a homomorphism
md$p=7: G — GL(W)
[T(@I(910y + -+ gntn) = ginlp(h)](T1) + - + gjnlp(hn)](Tn)
where for each r, gg, = gjrh,. A simple check shows that this is a representaton of G.

Example 2.6.2. Let G be any group and H = (1). So p : H — GL(C) must be the trivial representation.
Then Indgp is the left-regular representation. This is because we have gg, = g;» for all r.
Example 2.6.3. Let G be any group and H = GG. Then Indgp =p.

Example 2.6.4. Let G = Z, and H = (2). If p: H — GL;(C) is trival, then 7 = Ind$p is the permutation
representation of G acting on left H-cosets by left-multiplication.

Example 2.6.5. Let G = Z4 and H = (2). Let p: H — GL1(C) be the sign representation, i.e. p(0) =1
and p(2) = —1. Let 7 = Ind$p. Note in general that dim(Ind$p) = [G : H]dim(p), where [G : H] is the
index of H in G, or equivalently, the number of left cosets of H in G.

Here we have that dim(7) = 2. A basis for W = 0C & 1C is {0(1),1(1)}. This turns 7(n) into a matrix:

T(0)=(59)
[r(WIO1) = (1+0)(1) =1(1) = 7(1) =(§:)
[r(](A1) = 1 +1)(1) = (0)[p(2)](1) = 0(-1) = —0(1) = 7(1) = (7 7")
[7(2)](0(1)) = (2+0)(1) = (0)[p(2)](1) = 0(—1) = —0(1) = 7(2) = (7' )
[r@))1(1) = (2+1)(1) = M[p@2)Q) = 1(-1) = -1(1) = 7(2) = (7 %)
Similarly, 7(—1 t T = p1 D p2, where py, p2 are the 2 extensions of p to G.

)
Theorem 2.6.6. If 7 = ndgp, then

_ 1 _
@)= D xoloileg) == > plalgx)
—1 #H —1
9; 99:€H - lgz€H
Proof: Choose a basis {g;7;} for @ ¢;V; and pick g € G. For each 4, gg; = g;h; for some h; € H and index
i. The trace of 7(g) is the sum of all the coefficients of ¢;¥; in [7(g)](g:7;). If g; # g;, then the coefficient of
9:7; in [7(9))(9:7;) is 0. But g; = g; iff hy = g7 ggi, s0 [7(9)](9:7;) = gilp(g; ' 99:))(7;), thereby increasing
the trace of 7(g) by the trace Xp(gi_lggi) of p(gi_lggi).

This establishes the first formula. The second follows immediately by group theory. |
Example 2.6.7. Let G = Dy and H = (y), where y has order 4. Let p : H — GL(C) be given by
p(y*) = i How do we extend p to G, or what is Ind%p = 77

First define the space W = C ® C, where = € G is a reflection, and we must have that y(z¥) = (yz)v. But
we also have that (yav) = (zy~!)(%) by the properties of Dy. And

(zy~ ") (@) = 2(y™'0) = 2(=iv) = —i(27)
As an aside, we note that if the order of « was 3, then w = CH2C@®22C. Further, if z was in a different coset

than y, then we would have to make a new definition. Back to the example, we now have that everything is
forced, so

7(1)=((1) ?) T(y)Z(é OZ) T(yz):(_ol 01) T(yg):(_oi (3)
w=(0) e=(0) (0 ) e (4 )
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Therefore the character of 7 is
XT(17 Y, y27 y37 x,TyY, $y27 xyd) = (27 07 —27 07 07 Oa Oa O)

This is the same answer that the theorem above gives, which is good.

3 Group rings

3.1 Modules and rings

Definition 3.1.1. Let G be a group, not necessarily finite. The complex group ring of G is C[G] = @, .~ Cy,

where multiplication is defined by

geG

(Z ai‘%‘) ijgj = Zaibjgigj
i J i,7

Then C[G] is a ring, commutative if and only if G is abelian.

Proposition 3.1.2. C[G], the vector space spanned by elements in G with multiplication defined in the
usual associative way, is a commutative ring iff G is abelian.

Definition 3.1.3. Let R be a ring with unity. A left R-module is an abelian group M with operation
-t Rx M — M such that:

(). r-(b+c)=r-b+r-c

(ii). m1-(ro-a)=(r1-12)-a

(iii). 1-a=a

(iv). (m+mr)-a=ri-a+ra-a
for all ,ry,72 € R and a,b,c € M

Example 3.1.4. If R is a commutative field, then any R-module is a vector space over R with finite
dimension. That is, they are free modules.

Example 3.1.5. Z-modules are abelian groups with n-m = m - m---m. For example:
—_———

n times
- Z™ is a Z-module
- Z/nZ is a Z-module given by ma = mz (mod n)
- Any abelian group is a Z-module
- Let R be any ring. If I is a left ideal of R, then I is an R-module

Remark 3.1.6. A left ideal is an R-submodule, so R-submodules may be factored using factorizations
of ideals (into prime ideals). Begin by letting p : G — GL(V) be a representation of G. Then V is a

C[G]-module given by
(Z ai{h’) 7= aip(g:)[7]

Given any left C[G]-module, we may make a representation of G by i : G — C[G] the inclusion map.

Example 3.1.7. p(g)[v] = ¢, which is clearly in GL(V'), and clearly a homomorphism p : G — GL(V).
Hence as a representation of G, V' is naturally a C[G]-module.

Example 3.1.8. Let G =Z,, and p : G — GL(C), with p(1) = —1. What is C[G]?
Well, we must have that C[G] = C-0@® C- 1. This means that C is a C[G]-module, multiplication being

(c1:0+co-1)-z2=c1-p(0)-z2+co-p(l)- z2=c1-2—¢ca-2
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Example 3.1.9. Polynomial rings are C[t]-modules. Evaluate p(t) € C[t] at zo € C. For instance, we might
have e, (p) = p(z0). More generally, C[t] — C[G] by ¢ : t — g € G. Clearly this map is onto, so p(p) = p(1),
=)
C[G] = CJ[t]/ ker(p)

However, ker(p) = <t2 — 1>. Hence this map is a linear transformation that is onto, so it is also injective,
as C[t]/ ker(y) is 2-dimensional, as is C[G], so the universal property of quotients says that ¢ gives a
homomorphism

C[t)/ (t* — 1) = C[G]
So ¢’ is an isomorphism and C[G] = C[t]/ (t* — 1). By the Chinese remainder theorem, C[T]/ (¢* — 1) =
Ca C, so C[G] 2 C @ C as rings.
Definition 3.1.10. Let R be a ring with unity (not necessarily commutative). Let M, N be left R-modules.
an R-module homomorphism from M to N is a function f : M — N such that f(mi +ma) = f(m1)¢(m2),
and f(Am) = Af(m) for all m,my,my € M and X € R.

Note that if R = C[G], then an R-module homomorphism is exactly a morphism of representations. An
isohomprihsm of R-modules is a homomorphism of R-modules that has an inverse homomorphism.

Definition 3.1.11. Let R be a ring and M an R-module. Define
Endg (M) = (the endomorphism ring of M over R) = { R-module homomorphisms f : M — M}

The operations are pointwise function addition and composition. Note that an endomorphism of M is a
homomorphism M — M.

Note that Schur’s lemma says that Endcig) (V) = C if V' is an irreducible representation of G.
Definition 3.1.12. Let M, N be R-modules. Define
Homp(M,N)={f: M — N : fis an R-module homomorphism}
Note that Hompg (M, N) is an R-module via (f1 + f2)(m) = fi(m) + fa(m) and (cf1)(m) = ¢+ f1(m) for all
m € R.
Recall also that Vi 2 Va with Vi, V5 irreducible, then Homgg(Vi, Va2).

Note that if M, N are R-modules, then M & N is also an R-module with (mq,n1) 4+ (ma,n2) = (my +
ma,n1 + nz2) and r(m,n) = (rm,rn). With this definition, the direct sum of C[G]-modules corresponds to
the direct sum of representations.

Definition 3.1.13. An R-module M is simple iff its only R-submodules are 0 and M. Note that simple
C[G]-modules correspond precisely to irreducible representations of G. Thus every C[G]-module that is a
finite-dimensional vector space is isomorphic to a direct sum of simple C[G]-modules.

Definition 3.1.14. An R-module is called semi-simple iff for every submodule N of M there is a submodule
N+ of M such that M = N @ N+

Theorem 3.1.15. [MASCHKE]
Every C[G]-module is semi-simple if G is finite.

Proof: Let V be a C[G]-module, W C V any submodule. We want to find a submodule W’ C V such that
VW aeW' as C[G]-modules.

Let f : V — W be some C-linear projection, i.e. f(w) = o for all W € W. If only f were a C[G]-module
homomorphism, then W’ = ker(f) would give us what we want. However, f may not be a C[G]-module
homomorphism, so we have to make it work. Define h: V — W by

ho) = 55 o (o)
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Then h(¥) € W, beause f(g¥) € W, and W is G-invariant. Notice also that g(@) = « for all @ € W, so h is
a projection onto W. Now we can show that h is a C[G]-module homomorphism, with

h <Z a,-gi> = Zalh(gzﬁ) = # Zaigi_l 991 = G Z a;g; gz 1f gz <Z aTQZ)
i i gyt

where ¢g; = gg;. This is as desired. So V = W @ ker(h) as vector spaces, and W and ker(h) are both
C[G]-modules. So V= W @ ker(h) as C[G]-modules. |

Note we have already proved the above theorem for the C[G]-module is a finite-dimensional C-vector
space.

Remark 3.1.16. Our next goal is to understand the ring C[G] better. As a left C[G]-module, C[G] corre-
sponds to the left-regular representation. So as a C[G]-module, we have

ClGl=zmVi®---®n,V,
where Vq,...,V, are the simple C[G]-modules (corresponding to irreducible representations) with n; =

dim(V;), where dim(V;) means dimension as a C-vector space.

Proposition 3.1.17. C[G] is isomorphic to End(C[G]) as a ring, if we make C[G] into a C[G]-module by
left-multiplication.

Proof: Let ¢ : C[G] — End(C[G]) be given by

(e =[S () (o)

It is easy to see that ¢ is well-defined and C[G]-linear. It is also clearly injective, so we just need to check
that ¢ is onto. So let f € C[G] be an arbitrary endomorphism. We want to show that f = ¢(3_ a;g;) for
some Y a;g; € C[G]. Let a = f(1) € C[G]. Then for all b € C[G], we have f(b) = bf(1) = ba, so we conclude

that f € Im(y) as desired. [ |
Our next question is: what kind of a ring is C[G]? As a left C[G]-module, C[G] =2 d1V; & --- & d,-V,,
where Vi,...,V, are the irreducible representations of G, up to isomorphism, and d; = dim(V;). Note the

representations are actually p; : G — GL(V;).

Theorem 3.1.18. Let V be a simple C[G]- module (that is, a C[G]-module corresponding to an irreducible
representation), and n € Z;. Then End(nV) = M, (C) for nV =V @ --- @V, the sum of n copies of V.

Proof: Define ¢ : M,,(C) — End(nV) by

(M) = | (V,...,0) = M| 1 | €nV

—

Un

It is easy to check that ¢ is a well-defined ring homomorphism, and that it is injective (as ker(¢) = 0). For
surjectivity, let f € End(V). Write f = (f1,..., fa), where f; : nV — V is a C[G]-module homomorphism.
By restricting f; to the jth coordinate, we get a C[G]-module homomorphism f;; : V' — V. By Schur’s
lemma, f;; = a;;idy for some a;; € C, so

F@, . Un) = (f1(T1, o, Un)s ooy fu (T, -0, Tn))

= (alll_fl + -+ ainﬁnv e 7an1171 +-- anngn)
Gl

=M
Un,
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for M;; = a;j. So ¢ is surjective, and so is a bijection, and so is a ring homomorphism. ]

Remark 3.1.19. The above showed us that

ClG] = End(C[G ])
=~ End(d, V4 @& d, V)
= End(dlvl) -® End(d,V;.)
= Mg, (C) @ --- Mq, (C)

But what is this isomorphism described by? Let p; : G — GL(V;) be the irreducible representation corre-
sponding to V;. Define p : C[G] — My, (C) ® --- & My (C) by

p (Z aiQi) (Z aip1(9:), - Zazpr 9i ) =2 aipr(9i)s- o pr(g0))

It is clear that p is a ring homomorphism. It is injective because if p(>_ a;g;) = 0, then the representations p;
would be linearly dependent, meaning that their characters are linearly dependent, but they are orthonormal.
Hence p is injective. Since we already know that C[G] = Mg, (C) @ --- & M, (C) as C-vector spaces, we
conclude that p is also surjective.

The above statement also means that the ith component p; : C[G] — My, (C) of p is surjective. That is,
every linear transgormation f : C% — C% can be realized as a linear combination of the matrices p;(g), for
g€qG.

Remark 3.1.20. For Z(V') the center of V,
Z(C[G) = Z(Mag,(C)® -+ My, (C))=Cle®--aCI=Co---aC.

As a subring of C[G], the center is a complex vector space of dimension r = # of conjugacy classes of G.

Suppose that (3> a;g;)g = g(>_ a;g;) for all g € G. This is the same as > a;g;9 = > a;gg;. Thus if > a;g;
is in the center of C[G], then for every g, i, j such that gg; = g;¢g we must have that a; = a;. But note that
99; = g;9 iffg~ g;9 = g;, so in order for 3" a;g; to be in the center of C[G], we need a; = a; if g; and g; are
in the same conjugacy class.

Thus every element of the center of C[G] is in the span of the elements > gec 95 for C' a conjugacy class of
G. This span has dimension 7, so it must equal the center of G.

3.2 Tensor products of modules over an arbitrary ring

Definition 3.2.1. Let R be a commutative ing with unity. Let M, N be left R-modules, and let B be a free
R-module on the set {m®n : m € M,n € N}. That is, B={>_ a;(m; ® n;) : m; € M,n; € N,a; € R}.
Define

(mi+ma)@n—m;@n—ma@n
R-linear combinations of m® (ny+ng) —men, —me ng
the following forms: (rm)®@n —r(m®n) ’
m® (rn) —r(m®n)

reR
m,mi,mo € M
n,ny,ng € N

7 =

Define M®gN = B/Z, where the R-module B/Z is the abelian group R/Z with the R-action r(b+z) = rb+z.

Example 3.2.2. Consider the folowing examples of tensor products of modules, where R is commutative:
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- M ®pr R = M, because every element of M ®p R is equal to m ® 1 for some m € M
- R"®pr R™ = R™, same as for vector spaces
-For R=7, M =Qand N = Z[v2] = {a +bV2 : a,b € Z}, we have that
M e N =Qez Z[V2) = Q3] = Q(va).
Example 3.2.3. Let’s consider the last example in greater detail. Define a map

©:Q®ZV2 - Q(V2) by Zqi@(ai+bi\/§) HZ(]z‘(arl-bi\/i).

Then ¢ is a homomorphism of Z-modules. To see that ¢ is surjective, note that Q(v/2) = {a +bv2 : a,b €
Q}, so every element in Q(v/2) may be written as (a + bv/2)/c, for a,b,c € Z and p(1/c ® (a + by/2)) =
(a+bV2)/c.

To see that ¢ is injective, it is enough to show that Q ® Z[v/2] and Q(v/2) are both 2-dimensional vector
spaces, and that ¢ is a Q-linear transformation. All of these facts are easy to see except the dimension of
Q ® Z[/2], which is proven as follows. First, we note that any element of Q ® Z[/2] is of the form

D ai®(ai+biV2) =) ag®l+y bigoV2= (Z%%) (1e1)+ (Zbi%) (1®Vv2).

So Q ® Z[/2] is spanned by 1 ® 1 and 1 ® v/2 as a Q-vector space. Since ¢ is surjective and Q(v/2) has
dimension 2, we see that dim(Q ® Z[v/2]) = 2, and ¢ is an isomorphism, as desired.

Definition 3.2.4. Let R be a ring with unity, but not necessarily commutative. Let T" be a ring containing
R as a subring, and let M be an R-module. Define B to be the free abelian group on {t®@m : t € T,m € M},
so B={>_t;®@m; : t; € T,m; € M}. Define

Z-linear combinations of (tttz)@m—ti@m—ta@m rek
Z= the following forms: t® (m1+me) —t@m —t@my Litita €T
& ’ (tr)y®@m —t® (rm) m,mi, mg € M

Define T ® g M = B/Z as abelian groups with left T-module structure by ¢(>_t; ® m;) = > (tt;) @ m;.

Example 3.2.5. Let G = Zy, H = {0}, V = C, with the trivial action. in other words, V is the trivial
one-dimensional representation of H, so V' is a C[H]-module. Consider C[G]®cz) V. It is a C-vector space.
An arbitrary element of C[G] ®c(g V' is of the form

D (ai-0+b;-0)@z=> (azi-0+biz-1)@1=(A-0+B-1)®1 € spanc{0®1,1®1}.

Therefore C[G] ®cjg) V = span{0 ® 1,1 ® 1}.

Consider the above example in more detail. Let W = C[G] ®¢[g) V = span{0 ® 1,1 ® 1}. Then W is a
C[G]-module, with

00®1)=0+0)1=0®1 10e)=(1+0)®1=11
0lel)=0+)el=1®1 11e)=1+1)®1=0®1
So W corresponds to the 2-dimensional left-regular representation of G, as expected.

Example 3.2.6. Let H = Zy4, G = Dy, p(n) = i", and V = C, the corresponding C[H]-module. Let’s
compute W = C[G] ®¢[g] V as a C[G]-module. This ought to be the representation of D4 induced by the
given representation of Z4. So an arbitrary element of C[G] ®cpz) V' is of the form

Z Zaijgj ®U; = Z ZAijyj & z; + Z ZBijxyj (9 ZZ/
J J ( J

A A
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where B;; = a;; for j corresponding to xy’, and Aij = a;; for j corresponding to Y.

= Z ZAij @ p(y?)z | + Z Z Bijx @ p(y’)z;
=A(1®1)+ Bz ®1)

for A, B € C. Next, let 7: G — GL(C) be the representation associated to W. Then

[TyM)1el)=E")el=y"01=10pF") =1i" =i"(1®1)
ry"zel)=yrel=ay " @l=0xi " =i "(z®1)
[ray")](1@l)=zy"©l=20i" =i"(z®1)
Fy)(z0l) =y s@l=zzy "®@1=y "®1=i "(1®1)

Theorem 3.2.7. Let G be a finite group, H C G a subgroup, p : H — GL(V) a representation, and
7: G — GL(W) the induced representation. Then 7 corresponds to the C[G]-module C[G] ®c(m V.

Proof: To cnstruct 7, we choose ¢1,...,9, € G so that g1 H,...,g.H is a complete and irredundant list of
left H-cosets in G. Let W =,V & --- & g,.V, with [r(g)] defined by

[7(9)(9:9) = gilp(n)](?)

where gg; = gjh for some h € H. Define W’ = C[G] ®cg V' with C[G]-module structure induced by
multiplication on the left. We want to shown that W, W'’ are isomorphic, so we construct an isomorphism
between them. Define a map

po: W — W

29U = Y9 @
This is an isomorphism of C[G]-modules. It is straightforward to show that ¢ is a homomorphism of C[G]-
modules. It is also surjective because W’ is spanned by elements of the form g ® ¥, and g;h ® ¥ = g; ® h(7).
To show that ¢ is an isomorphism, it is enough to show that dim(W) = dim(W’), as ¢ is a C-linear
transformation. First note that dim(W) = [G : H]dim(V). To compute dim(W’), define a map

T: C[Gl®@cV — C[G]@C[H]V
a®lv = a®v

and extend linearly. It is not hard to see this is a linear transformation and is surjective. The kernel of T is
the span of elements of the form gh ® ¥ — g ® ht/. The kernel is thus also spanned by elements of the form
g:h ® U; — g; ® ht;, where {¥1, ..., ¥, } is a basis for V. In this list we may further neglect terms with h = 1.
So ker(T') is spanned by {g;h ® ¥; — g; ® ht;}, where h ranges over the non-trivial elements of H. There are
r-(#H —1)-dim(V) such elements, so ker(T") has dimension at most [G : H](#H — 1) dim(V'), and therefore

dim(W’) > dim(V') dim(C[G]) — dim(ker(T)) = dim(V)#G — dim(V)[G : H|(#H — 1) = dim(V)[G : H]

Since ¢ maps W onto W', we conclude, by counting dimensions, that ¢ is an isomrphism. |

3.3 Integrals and integers

¢

A question that often arises is why are the numbers x(g) always so “nice”? Mainly because they are sums

of roots of unity. But how does this affect their niceness?

Definition 3.3.1. A commutative ring R is Noetherian iff every ideal of R is finitely generated.
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Definition 3.3.2. Let R be a Noetherian ring contained in some bigger commutative ring 7. An element
a € T is said to be integral over R iff R]a] is a finitely-generated R-module.

a

Example 3.3.3. Suppose § € Q is a rational number. If ¢ € Z, then Z[}] = Z is a finitely-generated
Z-module, so ¥ is integral over Z. Conversely, assume that § ¢ Z. Then there is some prime p that divides b
but not a. For any finite set 1, ..., 2, € Z[#], there is some maximal power £ of p dividing the denominator

of any x;, so the Z-module generated by x1,...,x, cannot contain ‘;m for m > 4.

This implies that a rational number is integral over Z iff it is an integer.

Theorem 3.3.4. Let T be a commutative ring, R C T" a subring, o € T any element. Then « is integral
over R iff there is some monic polynomial f(z) € R[x] with f(a) = 0.

Proof: Suppose that « is integral over R. Then R[a] is a finitely-generated R-module. Consider the set
{1,a,0?,...} C R|a]. Since R[] is finitely-generated, there is a finite subset ay,...,a, € R[a] such that
every element v € R[a] can be written as v = ra; + -+ + rpa, for some r; € R. But each a; is a
polynomial in « with coefficients in R, so there is some N € Z such that every a; is an R-linear combination
of 1,a,...,a¥=1. Then o = ria; + -+ + rpa, for some r; € R, so o = f(a) for some polynomial
f(z) € R[z] of degree < N. Thus g(x) = z™ — f(z) is a monic polynomial with coefficients in R and
g(@) = 0.

Suppose that f(a) = 0 for some monic polynomial f(z) € R[z]. If N = deg(f), we get o™ =ry_1aV "1 +
---+19. So R[x] is generated by 1,a,a?, ...,V 1. |

Example 3.3.5. Which elements of Q[v/5] are integral over Z? First, we have Q[v/5] = {%+% s a,be,de
Z}. If ¢ = 0, then we have a rational number, and we know the answer from above. So when ¢ # 0, the
minimal polynomial is

a c a ¢ 9 2a a’?  5c? 9 2a a’d? — 5b%c?
(#=5 - 3v8) (=g +v5) =2~ (b)x+<b2_dQ =T\ )Tt T e
When does this polynomial have integer coefficients? Assume WLOG that ged(a,b) = ged(e,d) = 1. Then

%“ € Z, which implies that b | 2, so WLOG b =1 or 2. If b = 1, then the polynomial is 22 — 2ax + “2‘127;562,

so d? | 5, meaning that d = 1. If b = 2, then the polynomial is 22 — ax + %. Then 4d? | (a?d? —20c?),
so 4 | a®d?. Then 4 | d?, since b = 2 implies that a is odd, so d is even, meaning that d = 2d’ for some integer
d'. Then
a?d? — 20¢2 B 4a?(d")? — 20c? B a®(d')? — 5¢c?
42 N 16(d")? O 4(d')?

Now, d’ must be odd, since otherwise the numerator is odd and 4(d’)? is even, so our fraction is not an
integer. Furthermore, we must have that (d’)? | (a?(d’)* — 5¢2), which implies that (d')? | 5¢2. But then
(d)?|5,s0d =1and d=2. Thus

a c a+ cx/g

SRV e e

b + d\f 2
But this expansion is not always an integer, so there is something more going on here. We also need a and
c to be odd, so that a?(d’)? — 5¢% can be even. So in general, any integral element of Q(+/5) must be of the

form x + y(lJrT‘/g

x+ y(%) is

<t— <x+y <1+2\/5>>> (t— <w+y (1_2\/5>>> =1% — 2z — y)t + (2 + 2zy — 2?)

Theorem 3.3.6. Let T be a commutative ring, R C T a subring. Assume that R,T are Noetherian. Then
the set of elements of T that are integral over R is a subring of T

) for z,y € Z. All these elements are integral over Z because the minimal polynomial of
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Proof: This amounts to showing that the set of integral elements is non-empty and closed under addition and
multiplication. So the set S of R-integral elements of T' is non-empty (as it contains 1), therefore it suffices
to show that it is closed under +, —, and -. Thus let z,y € S be any elements. Then = + y,x — y,xy are
all elements of the ring R[x,y], a finitely-generated R-module, generated by {z%,4’}, where i,j range over
the same sets as those needed to ensure that {z'} generates R[z] and {y7} generates R[y]. To conclude the
proof, we need the following lemma:

Lemma 3.3.7. If R is a Noetherian ring and M is a finitely-generated R-module, then every R-submodule
of M is also finitely-generated.

Proof: Suppose that N C M is an R-submodule. Since M in finitely-generated (by myq, ..., my), there is a
surjective R-module homomorphism ¢ : R™ — M given by

O(r1y .y Tp) =T1M1 + -+ My,

If we can show that ¢ }(N) = {F € R : ¢(¥) € N} is a finitely-generated R-module, then N will also be
finitely-generated by the images (under ¢) of the generators for ¢~ (V). Thus we may assume that M = R".
If n =1, then N is an ideal of R, so since R is Noetherian, IV is finitely-generated. New proceed by induction
on n. Define an R-module homomorphism 7 : R* — R by w(r,...,7,) = r;. Then ker(r) = R"!
is a finitely-generated R-module. And Im(7) is also finitely-generated because it is a submodule of R.
Furthermore, ker(r) 2 R"~! is finitely-generated because it is a submodule of ker(m) & R"~! and Im(n| )
is finitely-generated because it is a submodule of R.

Thus, N can be finitely generated by the union of a set of generators for ker(7) N N and any finite set in NV
that maps via 7 to a finite generating set for Im(7| ). [ |

This also proves the theorem. |
Remark 3.3.8. We know the eigenvalues of all representations are all roots of unity. So if G is finite, g € G
any element, then x(g) is always integral over Z.

Theorem 3.3.9. Let G be a finite group and p : G — GL(V) an irreducible representation. Then dim (V) |
#G.

Proof: For any conjugacy class C' of G, let e¢ = decg € C[G]). Then ec is in the center of C[G],
and @ ec is a ring containing ec that is a finitely-generated Z-module, so ec is integral over Z. But
C[G] = M, (C) x - -+ x My, (C), and its center is Cid x - - - Cid, and the isomorphism maps

Zaigi - (Z aiPl gz Zazpr gi )

where p; : G — GL(V;) is the ith irreducible representation of G, up to isomorphism. So p;(ec) is a scalar
multiple of id, meaning that trace(p;(ec))/dim(V;) is integral over Z. Thus, for any a = > a;g; in the
center of C[G], we have that > a;x,(g;)/dim(V) is integral over Z for any character x, of any irreducible
representation p : G — GL(V'). Moreover,

span{ec} = {Z f(gi)gi) : fisaclass function}

where a class function is a function that is constant on conjugacy classes. So for any class function
f: G — C, the sum Y f(g:)x,(g:)/ dim(V) is integral over Z for any irreducible representation p. If we

choose f(g;) = Xp(9;1)> then

#G
Z Xpl9 Xp 9:)/ dim(V Z dlm dim(V)

is integral over Z. Therefore dim (V') = dim(p) | #G. |
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3.4 Induced representations, part 11

Definition 3.4.1. Let G be a finite group, H < G, and f : H — C a class function of H. Define the induced
class function on G by

1
md$§(H)(g) = — fltgt™)
1(DI9) = 77 tezlg: g

This is a class function on G. Also note that Ind% (y,) = XInd€ (p)-

Theorem 3.4.2. [FROBENIUS RECIPROCITY]
Let v be a class function on H and ¢ a class function on G. Then

(. Resi (9) g = (Indfy (). ¢)

G
where Resg () is the restriction of ¢ to H.

Proof: WLOG we assume that 1, ¢ are ireducible characters corresponding to irreducible representations 7,
p, respectively. Then (¢, Resy(¢)); = the number of copies of 7 in the irreducible decomposition of the

representation associated to Resy(¢), and similarly for <Indg(w),<p>a. If o = @._, a;p; for irreducible

representations p; % pj if ¢ # j, then dim(hom(p;, u)) = a; (we actually proved this before, when we
computed End(C[G]). So

(V. Resn(¢)) g = dim(homeiy (VW) and - (Ind§(¥), ) = dim(homeyq)(CIG] Sem V. W)
where 7: H — GL(V) and p : G — GL(W). Define a linear transformation A of linear transformations
A+ Homeym(V, W) = Homeiq (CIG| @ V, W) by A(T) = {g@ 7 [pl(g))((3))}

It is straightforward to check that A is well-defined and injective. For surjectivity, let f : C[G] @V — W be
any homomorphism of C[G]-modules. Then f = A(f|,55). So A is an isomorphism. |

Remark 3.4.3. A natural question to ask now, is when is Indg(p) irreducible? Or, for H, K < G where G
is finite and p : H — GL(V) a representation of H, what is Resg (Ind% (p))?

Definition 3.4.4. A double coset of (H,K) in G is a coset of the form HgK for some g € G. Note that for
any g1,92 € G, either Kg1H = KgoH or Kg1HN KgoH = (.

Theorem 3.4.5. Let {g1,...,9,} be a set of double coset representatives for (H, K) in G, and let H; =
gngfl N K. Define p; : H; = GL(V) by p;(z) = p(g{lxgi). Then

Res (Indf; (p)) = @Indﬁ (pi)-

Proof: First observe that

Resk (Ind% (p)) = Ind% (p) as a C[K]-module
= C[G] ®cm V as a C[K]-module

We want to show that C[G] ®cim) V = @, (C[K] ®cg,) V) as C[K]-modules. Define

soz@[G]@umv%@(C[K]%Hﬂw by ¢(kgh® ) =(0,...,0,k® [p(h)](©),0,...,0)
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where the non-zero entry is the ith coordinate. Extend linearly to complete the definition. To show that ¢
is well-defined, we need to show that if k1g;h; = kagihe, then k1 ® [p(h1)](¥) = k2 @ [p(h2)]U for all ¥ € V.
First note that kig;h1 = kog;ho implies that ki = ko (gihghl_lgi_l). Next observe that

k1 ® [p(h1)](9) = ka(gihahy g7 ) @ [p(h1))(T)
= ky @ [pi(gihahy  g; )pi(h1)](D)
= ks ® [p(hahi ) p(h1)] (D)
= ko @ [p(h2)](7)

as desired. So ¢ is a well-defined homomorphism of C[K]-modules. Now we need an inverse. So define

Y @(C[K] ®ciu,) V) = ClG] @cim V by V(k1 @ T, .., kn @Tyn) = Zkigi ® .

To see that 1 is well-defined, we must show that if g;hg, 1 ¢ H;, then the following three equalities hold:
Y(kgihg; ' ® ) = Yk ® [pi(9ihg; )])(@)
Dk ® [pi(gihg; )])(@) = kgilp(h)](D).
To see that they indeed hold, we note that
U(p(kgih @ ) = 1(0,...,0,k® [p(h)](7),0,...,0) = kg; ® [p(h)|(0) = kgih ® T
and

ek ®177-~-,kn®17n))=¢<Zki9i®ﬁ> = (k1 ®@1,...,k, ®Up)

So ¢, 1 are mutually inverse, which means that they are isomorphisms, as desired. |
Theorem 3.4.6. [MACKEY’S IRREDUCIBILITY CRITERION]
Let G be a finite group, H < G, and p : H — GL(V) a representation. Then Ind%(p) is irreducible iff:

1. p is irreducible, and
2. forallge G- H, <xpg,Reng(Xp)>H =0

where Hy, = gHg ' N H, and p? : H, — GL(V) is given by p?(t) = p(g~'tg).

Proof: Consider the following sequence of equivalent statements:

Ind$ (p) is irreducible iff <Indg()(p)7 Indg(xp)>c =1

iff <Xp,ResH(Ind§(Xp)>H =1

H
iff Z <ReSHi(Xp)7XPi>Hi =1

iff (Resm(X,),Xp)y =1 and <ReSHi(XP)’XPi>Hi =0Vi#l
iff (xp,Xp)y =1 and (ResH,i(Xp),xp)Hi =0Vi#1
iff p is irreducible and (Resy, (Xp)vXp-‘7>H =0vYgeG—-H

Note that for the third line we chose g1, ..., g, double coset representatives, and WLOG let g; = 1. ]
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Corollary 3.4.7. If H < G and p : G — GL(V) is a representation, then Ind% (p) is irreducible iff:

1. p is irreducible, and
2. (Xpo,xp) =0forallge G- H

Proof: Immediate from Mackey. |

Example 3.4.8. Let G = Dy = <x,y cxt=yt=1, 2y = y_1x>, the dihedral group of order 4, and
p: H — GL(C) be given by p(y*) = i®. Is Ind% (p) irreducible?

Since dim(p) = 1, p is irreducible. Any g € G — H is g = xy®, so gHg~
for all such g. Further,

V' =xHzx, so Hg = Hx, and p9 = p®

pe(y*) = pleye) = ply™) =i™",
so p® 2 p. Thus, since p® is also irreducible, (x,=, x,) = 0, so Ind% (p) is irreducible by Mackey.

This completes the mathematical portion of the course.
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