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IEVADS INTRODUCTION

Ka salidzinat divas dazadas datu kopas? Kadas izskatas datu kopas “starp” Sim divam
kopam? Geometrija, topologija un algebra dod precizas atbildes.

Sis projekts radas no nesen izveidojusas topologiskas datu analizes apaksjomas, kas
péta datu kopu attiecibas ar homologijas grupam un homotopiju teoriju. Meérkis ir par-
tulkot homologijas stabilitati datu kopu stabilitate.
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How do we compare two samples from the same data set? What do other samples “in
between” these two look like? Geometry, topology, and algebra give us answers.

This projectis motivated by persistent homology, a subfield of topological data analysis
which gives descriptions of sets using homology groups and homotopy theory. Homo-
logy is stable under perturbations, which we translate into the stability of data sets.

TOPOLOGIJAS PAMATI TOPOLOGICAL BASICS

topologiska telpa. Punktu kopa X ar valejas apakskopas U C X jedzienu.

nepartraukta funkcija. Topologisku telpu atbilstiba f: X — Y ar ipasibu, ka katrai vale-
jai apakskopai U C Y, kopa f~1(U) C X ir ari valéja.

daleji sakartota kopa. Punktu kopa X ar refleksivu, anti-simetrisku un tranzitivu attie-
cibu <. Daléji sakartotas kopas ir topologiskas telpas, kuram valejas kopas rada kopas
Uy :={ye X:x <y}

stratifikacija. Nepartraukta funkcija no topologiskas telpas uz dal€ji sakartotu kopu.
Stratifikacija ir konusveidiga, ja katram punktam ir apkartne, kas ir kona stratifikacija.

skipsna. Atbilstiba F starp topologiskas telpas X valéjam kopam U un objektiem F(U),
ar saderigam funkcijam pyy: F(U) — F(V) kad V C U. Tas stiebrs punkta x € X ir

hg’lllax 'F(u)

topological space. A set X with a notion of an open set U C X.

continuous function. An assignment f: X — Y of topological spaces such that f ! (U) C
X is open fo every U C Y open.

partially ordered set. A set X with a relation < that satisfies reflexivity, anti-symmetry,
and transitivity. Partially ordered sets are topological spaces, whose open sets are gene-
rated by the sets U, := {y € X : x < y}.

stratification. A continuous function from a topological space to a partially ordered set.
A stratification is conical if every point has a neighborhood that is a stratified cone.

sheaf. An assignment F of objects F(U) to every open set U of a topological space X,
with compatible functions pyyv: F(U) — F (V) whenever V C U. Its stalk at x € X is the
categorical construction hﬂu;x F(U).
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Stratifikacijas zemu dimensiju dalas.

Abam diagrammam ir kopiga divu

dimensiju plakne. @ @ ({Py, P}, r <d(Py, P)/2)

Low dimensional pieces of a strati-
fication. The two diagrams intersect
in a 2-dimensional subspace.

OBJEKTI UN METODES OBJECTS AND METHODS

E.G. 2

Telpa M = [0,1] un
tas stratifikacija caur
funkcijam C un Cy.

The space M = [0, 1]
and its stratification
via C and C £
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Katrai telpai M ir saistita Rana telpa Ran(M), kurai | Every space M has an associated Ran space Ran(M),
dota topologija no kopu Hausdorfa attaluma. Katram | with topology induced by the Hausdorft distance of
objektam P Rana telpa ir saistits Ceha radijs ¢r(P,r), | subsets of M. Every element P in the Ran space has
kas atbilst slégto lozu B(p € P,r) $kéluma izméram, | an associated Cech radius ¢r(P, r), which gives the si-
vai negativam attalumam lidz lozu netuksam 8kélu- | ze of the intersection of the balls B(p € P,r), or the
mam. Rana telpa ir negative distance their non-empty intersection. Set

RanS" (M) := {P C M:0 < |P| < n}.

Definition: Let SC be the category of simplicial complexes and simplicial maps. A simplicial complex C
is a pair (V(C),S(C)), where V(C) is a set and S(C) C P(V(C)) is closed under taking subsets. Let SCF
be the category of frontier simplicial complexes and simplicial maps. A frontier simplicial complex C is a
triple (V(C), S(C), F(C)), where (V(C),S(C)) is a simplicial complex and F(C) C S(C) is closed under taking
supersets in S(C). Define the Cech functions as

C: RanS"(M) x Rsg — SC,

(P,r) —> (V, S), Vv — PI
) PreS < ¢&r(P,r) >0,
Cs: Ran™"(M) xRz — SCF, PPeF < ¢r(P,r)=0.

(P,r) — (V,S,F),

Order SC and SCF by setting C < D whenever there is a simplicial map D — C that is surjective on vertices V
(and injective on frontier simplices F). Define a functor from the homotopy category of SC-exit paths to SC by

F: Ho(Sing>“(Ran<"(M) x R>g)) — SC,
(P,r) +— C(P,r),

([v]: (P,r) = (Q,5)) = (F:C(Q,s5) = C(P,1)),

where 7 is the unique homotopy-invariant simplicial map induced by the equivalence class of 1-simplices |y] in
the homotopy category. This is a cofinal functor. Every not necessarily open U C Ran~"(M) x R>,(M) x Rxg

induces another cofinal functor F;: Ho(Sing>“(U)) — SC.

REZULTATI RESuULTS

Teoréma. Dotaja konteksta:
1. Ceha funkcijas C un C f ir nepartrauktas.
2. Ja M ir gabaliem lineara, pastav konusveidiga Ran~" (M) x Rx stratifikacija, kas sader ar C Iz

3. Funktors F(U) = lim Fi; definé ko-stratificétu ko-Skipsnu uz RanS"(M) x R ar vértibu linearas to-

pologiskas telpas. Tas ko-stiebrs ir F(p,) = I'Lnlb( Py F(U) =C(P,r).

Theorem. In the context above:

. The Cech maps C and C £ are continuous.
. If M is piecewise-linear, there exists a conical stratification of Ran<" (M) x R>g compatible with C f-

. The functor F(U) = ligl-“u defines an SC-valued coconstructbile cosheaf on RanS" (M) x R, with

costalk Fp,) = l.#rnu;(P,r) F(U) =C(P,r).

Corollary. This cosheaf recovers the persistent homology of the point sample P on the subspace {P} x Rxo.
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