Neighborhoods of embedded manifolds 30.11.2016

0.1 Definitions
M is a d-manifold embedded in R". We will conflate spaces and their embeddings.

T,M & N,M =~ R" Bl —— N‘M
(N°M), = N,M N B2, ]\g

The conditioning number of M is
T= sup e

embeddings
Ne€M

0.2 How to find 7 (mfld known)
0.2.1 Examples
- circle: T =7
- m-sphere: 7 =1
- torus: 7 = min{b,a — b}
- helix: M = {(rcos(z/c),rsin(z/c),z) : z € R} has radius r and period 27c

1. Mathematica helix visualization .
2. Locally: intersection of normal planes 7'5 = %

3. Globally: only need to consider local and 7 = Hél]&l {’7’5, d(p,q)/2}
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To find intersection of normal plane with curve, unfold cylinder with intersection of normal plane:

(6,72 sin()/c) \

(8,06¢)
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Approximate with tangent lines. Too big when ¢ > r/+/3.

0.2.2 Generalize to d-manifolds

1. The curvature of v : R — R™ at y(t) is x(t) = /72152 — (5%)2/17]® = 1/p(t). When p.by a.l, x(t) = |¥]
2. This was Tfj(t) above. Another way: take z,y,z € R3 in gen pos,

r(z,y, z) = (radius of unique circle through z,y, 2)

lim 7(z,y,2) = p(x) = 7 (easy to calc)
Y,z—T

11612 r(z,y,2) =71 (difficult to calc)
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3. Generalize this approach. Take w1, ...,Z412 in gen pos (gives naturally copy of R%),

r(x1,...,Zq412) = (radius of unique d-sphere through x1,...,2442)

inf =
pEM T(paxla ,Id+1) T

z; disctinct

4. Can we take limit for ~ d-curvature? No — saddle point
4.5. Possible sol: Take curvature of all smooth paths on M through point. Still not clear

0.3 How to find 7 (mfld unknown)

Definition 0.3.1. Let € > 0. The Vietoris—Rips complex of X of radius € is a simplicial complex V for
which a k-tuple of points {z1,...,z;} defines a (k — 1)-simplex in V iff d(x;, z;) < e for all 1 < 4,5 < k.

Assumptions:
1. X ={x1,...,2n5} points sampled on unknown d-manifold M
2. Every simplex V' C V is inside a d-simplex

a. So resembles a d-manifold

b. Needs appropriate choice of €

Local cond num is min radius of d-spheres nearby:

Z P 3 . .
T, = x{rjng}( (D, Tiyy e, Tig )
(p,wij)CV

Global cond num is min radius over all d-spheres:

7= min r(X')
X'cx
| X/ |=d+2
Easy to calculate. Equation of d-sphere through z1,...,z449:
d+1 2
Zdi:ll x3 x1 To - Tdi1 1
+1,2
dim1 Pl D11 P12 0 DPrda+1 1
d+1 o 1
det Zi:1 P2 P21 P22 e P2,d+1 = 0.
d+1 o 1
> Pgy2: Pd+2,1 Pd+22 0 Pd+2,d+1

View z; as lying in natural copy of Rt C R" they define.



