Seifert fibered surfaces 21.09.2016

The Poincare homology sphere P may be described by removing and gluing back neighborhoods of S3,
another way of describing an S! Seifert bundle over S2.

0.1 Seifert bundles and Seifert manifolds

A Seifert manifold is a 3-manifold that is “made up” of simple closed curves whose neighborhood (a solid
torus) has a certain property. We may instead think about Seifert bundles, a special case of which are
equivalent to Seifert manifolds (Section 5.2 in [Orl72]).

Definition 0.1.1. A Seifert manifold M is a 3-manifold for which
1. each x € M lies on a unique simple closed curve C, and
2. C has a neighborhood V 22 (D? x §')/(Z/nZ) for some n, depending on C.

The action Z/nZ ~ (D? x S') is in fact more of an action just on D2, rotating the disk an integer
multiple of 27 /n (Sections 1.6 and 1.7 in [Orl72]). We will only consider the integer multiple being 1, and
the n will be called the index of the curve. Then

(D? x §Y)/(Z/nZ) = (D* x T/ ~,
where (r,6,0) ~ (r,0 + 27 /n, 1) for all r and all 6 (introductory remarks in Chapter IV of [Jac80]).

Example 0.1.2. An open torus is a Seifert manifold. We may also cut it, twist it, glue it back together,
and still have a Seifert manifold.
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Definition 0.1.3. Let U be a topological space and F' some object such that a group G acts on both F and
U (we will think of F' as a subgroup of G, with action left multiplication). A Seifert product bundle with
fiber F' is the bottom line of the commutative diagram

proj
FxU—>U

i Jo

(FxU)/G -5 U/G,

where 7, is defined so as to make the diagram commute. Now, let X, Y be topological spaces with Y = |J, V;
an open cover, with G; acting on F' and topological spaces U;. A Seifert bundle w : X — Y with structure
group G (we have G; < G for all i) with fiber F is a fiber bundle that is locally a Seifert product bundle.
That is, for each V; there is a bundle isomorphism making the diagram below commute:

TOj
Fxu, —2 Ly,

q| Js



Example 0.1.4. Any group G may always act trivially on any other object, in which case U; = V; and
F =7"1(y) x V; for y € Y define a Seifert bundle, from any vector bundle 7 : X — Y.

Example 0.1.5. Every Seifert manifold is the total space of a Seifert bundle (but not the other way around).
The structure group is Z, the fiber F is S', and the base is covered by disks D?.

0.2 Construction of P

Recall the 3-sphere S may be described as two solid tori with their boundaries identified. We will be
interested in three curves in S, one inside each torus, and one on their boundary.
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The space P is constructed by removing a neighborhood of each curve a, 5, v, and gluing them back in with
some twists - a neighborhood of « with 2 twists, a neighborhood of 8 with 3 twists, and a neighborhood of
~ with 5 twists. The neighborhood of  sits on each of the neighborhoods of o and v as below.
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Note that all points in the interior of two tori are clearly Seifert, and on boundary are as well (almost clearly).
On the boundary we take a neighborhood of 8 and remove that from the neighborhoods of o and 3. Hence
the space may be described as a Seifert bundle with fiber S' over S2. Begin by describing S2 = V; UV, U Vs,
as in the diagram below (with slight enlargements of the given sets):

Sl D2 LOJ> D2
Gi=2Z, Vy=D? |
n; twistsl Jid
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The Seifert bundle structure is as on the right, with U; = V; = D? and G; = Z,, acting by the twists on the
disks as described previously. Twisting a disk by itself does nothing, so the maps on the right are trivial.



0.3 Calculation of m;

The Seifert bundle structure described may also be viewed as surgery on the link L formed by the three
circles o, 3,7 in S2. We name the arcs and find the Wirtinger presentation of the fundamental group as
below.
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Then going around each intersection counter-clockwise in the order given above, we get

1(SP—L) = (2,2,9,9,2,2 |z e sr =g o lyr =y ey L =2y e g =2 e e =y ly T e = o)),

for e the identity element. Solving for some elements, we find

y=a lyz, Z=y 2y, T =yzy ',

hence our group becomes

m(S® —L)=(v,y, 2 | =2ty toyr, y=2"'a yxz, v = 2yxy 2.
As mentioned, the Poincare homology sphere is surgery performed on this link with the indicated “surgery
coefficients” for each link component (2 for «, 3 for 3, 5 for ). Surgery along each component kills curves
that wrap a certain number of times around and along those curves, giving us new relations

T = y_lz_l, y2 =xz, 2t = Y.
The powers are decreased by 1 from the surgery coefficients because wrapping around n times also involves
winding along once. The factors on the right side of each relation come from following each curve around in
the marked direction (as in the diagrams above). Combining these three relations with the three above, we
get

m(P) = oz 2=y eh, =y = = o)
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