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1 Punchline of the talk

The Euler characteristic of a K3 surface is 24 and its co-
homology groups split as:
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This is the Hodge decomposition of a K3 surface.

2 Algebraic geometry language

The name comes from the names of Kummer, Kodaira,
and Kahler, as well as the mountain K2.

Defn 1. A K3 surface M is a 2-dimensional com-
plex manifold with trivial canonical bundle and
HY(M, Q%(M)) = 0.

The main tools will be divisors and line bundles. A divisor
is the zero-section of a bundle, and under a certain equiv-
alence, there is a one-to-one correspeondence between
divisors and line bundles.

Defn 2. A sheaf F on a manifold X is an
assignment of an abelian group F(U) to every
open U C X and maps pyy : F(U) — F(V) for
all vV C U, such that

1. pyu =id,

2. pvwpuv = puw Whenever W C V C U,

3. for families {Uqy }aeca of open sets and
{Sa}aca Of sections, where s, € F(Uy), if

PUs UanUs (Sa) = PUs,UanUs (S8)

for all a, B € A, then there exists a unique
S € f(U = UOLGA Ua) such that pUUa(s) = S4.

Now we have sheaf cohomology, H*(M, F). Since a vec-
tor bundle is a special (locally free) sheaf, we also have a
trivial (invertible) sheaf, denoted

Oy = {sheaf of holomorphic functions on M}.

Call wpy = Q%(M) the canonical sheaf, so wy; = Op. Re-
call the topological Euler characteristic of M is the alter-
nating sum of the dimensions of the (co)homology groups
of M. The holomorphic Euler characteristic of F is the al-
ternating sum of the groups H'(M, F). Both are denoted
by the Greek letter .

Defn 3. Given two line bundles L1, L, over a man-
ifold M, the intersection number of L1 and L» is

L1.Ly = x(0Om) — x(L1) = x(L3) + x(L1 @ L3).

3 Duality theorems

First Poincaré duality for regular (co)homology.

Thm 1. For M a compact oriented complex n-
manifold, for 0 < k < n,

H*(M, C) = H,_x(M, C).

Next Serre duality for sheaf cohomology.

Thm 2. For F a locally free sheaf over an n-
manifold M, for 0 < k < n,

HY (M, F) =2 H'=K(M, F* @ wpm)*.

The * indicates the dual sheaf, 7* := Hom(F, Op). Both
of these theorems are also very useful outside the current
setting.

4 Big name theorems

First the Riemann—Roch theorem, which is very general
theorem, but here we only state it for K3 surfaces.

Thm 3. For L a line bundle over a K3 surface M,

1
x(L)=5L.L+2.

Next the Hodge decomposition theorem, which applies to
all Kahler manifolds.

Thm 4. The cohomology groups of a complex
Kahler manifold M split as

HKM,C) = 5 HI(M, QP(M)).
pt+q=k

Throughout the talk we assumed two important and dif-
ficult to prove facts:

1. All K3 surfaces are diffeomorphic

2. All K3 surfaces are Kahler manifolds
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5 Visualization

e Here we have a visualization of a K3 surface, p
: namely the Fermat quartic, which is the zero
locus of

Xyt 2wt

Two complex dimensions means 4 real dimen-
sions, and so fixing the imaginary part of one
of the coordinates we get the displayed images.
On the left the imaginary part is less than 0,
on the right it is greater than zero, and in the
middle below it is zero.

An animation of a path through this sur-
face is online at the link below.

tinyurl.com/K3surface

6 Problems

- Describe a K3 surface as a Kahler manifold.

- Show a K3 surface is not the blowup of any
other smooth surface.

- Construct the Hodge—de Rham spectral
sequence for a K3 surface.

[1] Wolf P. Barth et al. Compact complex surfaces. Springer-Verlag, Berlin, 2004.

[2] Arnaud Beauville. Complex algebraic surfaces. Cambridge University Press, Cambridge, 1996.

[3] Andrew Harder and Alan Thompson. The Geometry and Moduli of K3 Surfaces. 2015. arXiv: 1501 . 04049
[math.AG].

[4] Daniel Huybrechts. Lectures on K3 surfaces. 2015.

[5] Sheldon Katz, Albrecht Klemm, and Rahul Pandharipande. On the motivic stable pairs invariants of K3 surfaces.
2014. arXiv: 1407.3181 [math.AG].

The full survey is available online at math.uic.edu/~jlv/docs/2015-11-30-diffmani.pdf


http://www.tinyurl.com/K3surface
http://arxiv.org/abs/1501.04049
http://arxiv.org/abs/1501.04049
http://arxiv.org/abs/1407.3181
http://homepages.math.uic.edu/~jlv/docs/2015-11-30-diffmani.pdf

