Rational computations of K-theory 28.10.2015

1 Negative cyclic homology

k is a commutative ring
A is an associative k-algebra
d; is the ith degeneracy map (ag,...,an) = (ag, ..., QiGir1,...,0p)

by, bl, are Hochschild boundary maps: bl is by, forgetting d,,

bo=» (—1)'d; : AT A®"
i=0
Define two new maps, using the cyclic operator t,: subscript n is omitted when clear
tn @ A®PFTL o Antl N, : A®ntl . Antl
(agy---yan) = (Gn,a0y.-.,Gn_1), (agy ... an) — (A4ty+t2 4+t (ag,...,a,).

Prop: There exists an anti-commuting upper half-plane double complex as below.

rows: "t =1
columns: from Hochschild cpx

—bs b3 —bf anti-comm: algebra
1—15 ne Ny ne 1—1to ne Ny

—by ba —by
1-h A®2 M A®2 1-t A®2 N

¥ by ¥

1t N 1—1 N
0 A 0 ) 0 ) 0

CC(A)
cC—(A)
col -2 col -1 col 0 col 1 col 2
Def: The nth cyclic homology group of A is
HC,(A) := H,(TCC(A)). T,CC(A) = P CChy(A)
pt+q=k
The nth negative cyclic homology group of A is
HC; (A) == H,(TTTCC~(4)). riloc—(A) = [ CCu(4)
pta=k

Have to take product for HC™ because have infinitely many factors in each total object



Example: Let A=k, k® =k ®, --- @ k = k. Then

1-t, = 0 b 0 modd by —1 nodd
N, = n+1 " ]l1 neven " ]10 neven
Hence non-zero homology comes from second row

0 n>0orodd,
(k) = { )
n even.

A is smooth as a k-algebra if Spec(A) is smooth as a variety

Example: Let k = Q, A = Q[t]. QJt] is a smooth commutative Q-algebra.
+ Thm: (Hochschild, Kostant, Rosenberg 1962) For A a smooth k-algebra, HH,(A) = €0} ;.
- (Connes) 3 LES relating HH and HC
- J spectral sequence of de Rham cohomology groups differential forms abutting to HC'

HC,, (Q[t]) = ker(5,) x [[ Hi*(Q
i>0

O : ng /Q QT(SH /Q is the exterior derivative QY /i 1s Ting of Kéhler differentials
H%.(Q][t]) is the de Rham cohomology (formal derivations)
2 K-theory
Def: K-theory is a functor Ring—Spec that takes a ring R to its spectrum K (R). set of prime ideals
K, (R) =m,K(R).
Example: Let R = F,. Then rationalize

Z n =0,

i+1 . Q n= 0)
K,(F,)=4Z/(p"' —1)Z n=2i+1, S0 K,(F,) ®zQ= 0 el
else.
0 n = 2i,



3 Goodwillie’s theorem

Def: Let f: R — S be a homomorphism of (simplicial) rings. The groups K, (f) and HC,, (f) are defined
to be the groups such that the sequences

- — Kn(R) K, (5) Kn(f) — Kpa(R) — -+
and
- —— HC, (R) —— HC,(S) —— HC, (f) —— HC,_(R) —— -
are exact. since K, HC are functors, get induced maps

knowing all but one group is enough to figure out group

Thm:(Goodwillie 1986) Let f : R — S be a surjective homomorphism of (simplicial) rings with nilpotent
kernel. Then
Kn(f)®z Q= HC, _,(f) ®zQ

for all n € Z>y.
Example: For k = Q and A = Q[t]/(t?), we know

0 n odd,
Q neven.

HCL(Q[t)/(#) = {

The map f : Q[t]/(t?) — Q given by t — 0 is surjective, so we know HC,, (f). The kernel tQ is nilpotent,
so by Goodwillie, we know K, (f), and so we know K, (Q[t]/(t?)).



