The Grassmannian and group actions

Def: The Grassmannian G(C™) is the set of k-dimensional subspaces of C™.
- Can use other vector spaces, this is most common
- G(C™) is an k(n — k)-dimensional compact manifold.

Eg: G, (C") =~ Cpr-1

There is an association V € Gi(C") — Ay € M, (full-rank matrices)
- Not one-to-one. To make one-to-one, need to get rid of repetitions

- Repetitions are same subspaces with different bases, associated by change of basis matrices

- Since V' C C™ and GL,(C) acts transitively on C", GL,, also acts on G(C").
- More precisely, some part of GL,,(C) acts transitively on V. Which part?

To see which part, need to use Schubert cell decomposition

Def: A flag of a vector space V is an ordered collection of subspaces Vo, Vi,...,V, such that 0 =V, C V4 C

-+ CV,, = V. The flag is complete if n = dim(V').

Eg: For {e1,...,e,} the standard basis of C" and V; = span{ey,...,e;}, the collection 0, V7, ..

complete flag for C™.

Def: For every n-tuple o of non-increasing integers bounded by 0 and k, define the Schubert cell
e(o) ={X € Gx(C") : dim(X NW) =o01,...,dim(X NV,) =o,}.
Note that:

Uy (o) = Gr(C)
- Every element of e(0) may be written in a nice way so that it is clear how GL,, acts on it.

Eg: For G5(C*), we have

o?=(1,1,2,2) o 1
o® =(0,1,1,2) % = (0,

Each X € ¢% may be written in a special way so that it is clear how G L, acts on it

1 0 0 O 1 0 0 0 1 0 0 0
01 0 O 0 x 1 0 0 * x 1
1 0 0 1 0 0 0 0
01 0 0 = 1 0 1

=
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